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1. f:V — W is a linear map where V' and W are normed linear spaces. f is continuous
if x, — x in V implies f(x,) — f(z) in W. Show that the following are equivalent.

(a) f is continuous.
(b) f is continuous at 0.
(c) There is a constant C' < oo such that || f(z)||w < C||z||y for all x € V.

This result can be paraphrased as follows: A linear mapping is continuous iff it is
bounded.

Solution. (a) = (b)

Proof. Suppose f : V — W is a continuous linear map where V' and W are normed
linear spaces. Because f is continuous if z, — z in V then f(x,) — f(z) in W. Thus
any sequence x, that converges to 0 we have f(x,) — f(0), thus f is continuous at 0.

(b) = (¢)

Proof. Suppose that f is continuous at 0. We now use the 9, € definition of continuity.
For € = 1, there exists § > 0 such that,

1f(w) = fOlw = [lf()]lw < 1,

for all ||v||y < 0. Now for all z € V' consider,

s = | (e ) (52,

where we choose ¢ < §. Next we use linearity of f to get,

/()

Notice that ||cz/||z||v||v = ¢ < §. Thus we can use continuity at zero for v = cx/||z||y.
Thus it follows,

IES1I%

1S (@) [w =

L @)lw < 1]|=

= —lellv.

|4

Let C'=1/c and we have the inequality that for all z € V,
1 (@)llw < Cllellv

() = (a)



Proof. Suppose that there is a constant C' < oo such that
1f(@)|lw < C||z]ly forallz € V.

Let x,, — x. Then for ¢/C' > 0 there exists N € N such that for alln > N, ||z, —z||y <
¢/C. From the inequality assumed, we have for all n > N,

I|f(z,) — f(x)||lw < e forallm> N.

So x, — x in V implies that f(x,) — f(z) in W. Therefore, f is continuous.
Therefore, (a), (b), and (c) are equivalent.

.|l |lo and || - ||» are two norms on a vector space V.

Show that the two norms are equivalent iff the identity map from (V, ||-|[.) to (V|| -|[s)
and its inverse are both continuous.

Solution. (=)

Assume || - ||a, || - || are equivalent on V. We need to show that ¢, ¢~! are continuous,
where ¢ is the identity map from (V|| - ||a) to (V|| - ||p. For ¢, the following is true

v = eV |-la) = d(vn) =vn —v=0(v) € (V][-lla) = (V]| -o)
e = vEWil- ) = 67 (wa) =va = v =07 (v) € (V- [lb) = (Vo] - []a)
where I have used the equivalence of norms to make the final argument in each of the

lines above. Each line above demonstrates the definition of continuity for a linear map
given in exercise 1.

.. two norms equivalent = the identity map is continuous from (V, ||-||) to (V,|]||s-
(=)

Assume ¢, ¢! as previously defined are continuous. Using the result of exercise 1,
Yo e V, 3C1,Cy < oo s.t. ||v]]p < Chl|v]]a and ||v]]a < Col|v]]e-
The statement above can be restated as follows
Vo € V, 3C, Cy < oo s.t. Chl|v]]a < |[vllp < Chl|v]]a

where C! = CLQ But, this statement was proven to be equivalent to the statement
"1 |lay | - |6 are equivalent” in homework 3, exercise 2a.

.. the identity map and its inverse continuous = the two norms are equivalent.

Therefore, two norms, || - ||a, || - ||s, are equivalent iff the identity map from (V.|| - ||a)
to (V,|| - ||s) and its inverse are both continuous. [J



3. Show that the mapping defined by
@) = Tfa) = [ sinte =)o)y
0

maps functions in C([0,7]) to C([0,7]). Is this mapping T" bounded (or equivalently
continuous) with respect to the L' and L> norms on C([0, 7]), and if so, what are the
corresponding induced norms for 77 (Hint: Think about the equivalent problem for
matrices)

Solution. It is easy to show that T'f(z) maps f € C([0,7]) to C([0,x]). Since the
integral of a continuous function is itself a continuous function and the fact that our
domain of interest is [0, 7], T'f(x) maps functions in C([0,7]) to C([0,7]).

To show T is bounded wrt the L'-norm, consider the hint. Much of the legwork for this
argument about the equivalent problem for matrices was developed in class. Consider

178l = [ alswl| [ sinte - s
0 0
< | fll1]] cos(m — y) — cos(y)||oo by Holder’s inequality
= 2[lflh-

To show T is bounded wrt the L*°-norm, consider

Tflle = sup / sin(a:—y)ﬂy)dy‘

z€[0,7]

sup / "Jsinz — 9117 (9)Idy

z€[0,7]
sup ||sin(z — y)|[1][fll

z€[0,7]

i%p]@ — (cos(z —m) + cos(2)))][ f]o

= 2[[floo-

Therefore, T is bounded wrt both the L' and L® norms. To show that the induced
norm is indeed 2, need to show equality. For the L' case, pick function f with L' norm
equal to 1, say f(x) = ﬂ(f,;—ﬁ)z Not so clearly, but nevertheless true, ||f||; = 1. This
says ||T|| = 2. For the L* case, pick function f with L' norm equal to 1. f(z) =1,
the constant function works just fine.

T = 2.

INIA

4. Poincaré inequality
(a) Show that,

1120 = \//0 ([F@P + [F@)]?)dt

defines a norm on C*([0, 1]).



Solution. Need to show non-degeneracy, symmetry, and the triangle inequality.
To be non-degenerate, ||f||21 > 0 and ||f||21 =0 = f = 0. Due to non-degeneracy
of the L%norm on C'([0,1]) it follows directly that \/fol([f(t)]2 + [f'(t)]?)dt > 0. If

f=0,fllz21 = 0, but is it exclusive? Since the integrand of ||f]||2,1 is non-negative
definite, the integral is zero only when f = f’ = 0. Therefore || f||21 is non-degnerate.

Symmetry is easy to show. For f,g € C*([0,1]),

1f +gllaa = \// + /() + g (1)]?)dt = \// +1g'(8) + f/(1)]?)dt

= |lg+ fllz1-

To show the triangle inequality, define an inner product < -,- >: C* x C* — R by

< fig>= / FB(t) + PO (0)dt

Then a direct computation yields < f, f >= ||f[[3, > 0. By nondegeneracy of [| - - - [|2,1,
we see that, for all real A and any f, g € C! we have

<f=Ag.f=Ag>=fll3s =22 < f,9 > +Nlg|[3, = 0
This implies that the quadratic form (in A) cannot have distinct real roots, implying
| < f.9> 1< |[fll2allgll21
which is the analog of Holder’s inequality for this norm. Now, we have

f+ 9l =Ifl31+2 < f.9> +llgll3,
< f1131 + 21 f 1219l |20 + 1gl154
= ([ fll21 + lgll2,1)?

Taking the square root yields the triangle inequality.
(b) If f € C*(]0,1]), show that, there exists a constant C' such that

1 flleo = sup |f(8)] < C[| 21
te(0,1]
Solution. Suppose that for some function g that 3¢ € (0,1) such that g(c¢) = 0. It

follows that
(o) = lote) —9(0) = | [ g0t < [ 1golas

Since ¢ € (0,1), Vz € [0,1], g(z) < fo |g'(t)|dt. A nice feature is that there is no
dependence on z, so it follows that ||g||o = max,ejoq|g9(x)| < fo lg'(t)|dt.

4



Consider g defined by g(z) = f(z) — f(x), where f(z fo t)dt is the average value
of f.
Now apply the Mean Value Theorem, Wthh states in essence that since f assumes

the average value of f, Jc such that f(c) fo t)dt = g(c¢) = 0. Now consider the
oo-norm of f, which can be written as

1flloo = g + flloe < llglloo + |£]

since f is constant.

We can now use the inequality derived earlier for ||g||s to get

1 1 1 1
lglloe + 171 < / 1§/ ()ldt + | / (f)dt] < / F(0)]de + / flt

Which we find since (1) g(t) = f(t) — f(t), (2) ¢'(t) = f'(t), and ( |f0 )dt] <
fol | f|dt. Now we have fol |f'(t)|dt + fol |fldt < fol |f'(t) - 1|dt + fo f- 1|dt to which we
can apply Holder’s inequality two times

/01|f’(t)-1|dt+/01|f-1|dt§\//0112dt \//01|f’|2dt+\//01|f|2dt

— /2d 2d
\// 7 t+\//0 fPdt
\// 7 dt+\//0 i dts\//o (172 + 1 >dt+\//0 (712 + | P2)dt

Which we have since we are adding two non-negative terms |f|? and |f’|?. It follows
from above then that

I flloo < 1 fll2a + 1f 1|21 = 2] fll2.0

.. There exists a constant, C' = 2, s.t.

1o = sup [f(£)] < C[f]l21

te(0,1]



